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Abstract
In this letter, we continue the work we started at [1] and we propose new series of
integrable models in quantum field theory. These models are obtained as perturbed
models of the minimal conformal field theories on the hyper-elliptic surfaces by
particular relevant operators of the untwisted sector. The quantum group symmetry
of the models is also discussed.
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1 Introduction
During the last years the direction of integrable models in mathematical physics has
exprerienced a rapid development. In particular, integrable theories from Conformal
Field Theory (CFT) have been extremely succesfull due to the revolutionary ideas of A.
Zamolodchikov [2]. However, despite of all developments in this area, our knowledge on
integrable models cannot be considered as complete as there are still many open problems.
For example, the calculation of correlation functions for integrable models is a problem
not completely solved up this to this day. Moreover, almost all known integrable models
have been constructed on the surface of the sphere; the study of integrable models on
higher genus surfaces, although very exciting, has not progressed very much.
Today Riemann surfaces have invaded physics. Among them, the category of hyper-
elliptic surfaces (HESs) is very special, not only for its simplictity, but also for the fact that
it has appeared in many places in theoretical physics. For example, HESs appear in string
theory [4], in the Ashkin-Teller model of statistical mechanics [3] etc. One of the most
unexpected results was their appearence in the Seiberg-Witten theory of electric-magnetic
duality [5].
For the reasons mentioned above, it is therefore quite favorable to explore various as-
pects and constuctions on HESs. In particular, in this letter, we continue our investigation
[1] for constructing integrable models on HESs.
2 CFT on HESs
In this short section we review briefly the main aspects of the CFT1 on HESs. For a
longer discussion, we refer our reader to [6] or to section 2 of [1].
A HES Γ is a compact Riemann surface of genus g ≥ 1 determined by an equation of
the form
y2 = P2g+2(z) , (2.1)
where P2g+2(z) is a polynomial of degree 2g+2. Γ is therefore a double cover of the sphere
and every field Φ on the sphere, under the hyper-elliptic map (2.1), maps into two fields
Φ(l), l = 0, 1 living on the two sheets of Γ.
If Aa, Ba, a = 1, 2, . . . , g denote the basic cycles of the HES, the monodromy operators
πˆAa , πˆBa form a a representation of the Z2 group. Therefore, a CFT built on the HESs will
have two sectors: one untwisted (meaning trivial monodromies) and one twisted (meaning
non-trivial monodromies). In particular, for the energy momentum tensor in the diagonal
basis T, T−, we have
πˆAaT = T , πˆAaT
− = T− , (2.2a)
1We should mention here that Krichever and Novikov have also found generalizations of the Virasoro
algebra on higher genus surfaces; their work has been discussed and extended by various other authors
[7]. Notice that among Riemann surfaces, the HESs are special in the sense that they possess additional
Z2 symmetry not present in all surfaces.
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πˆBaT = T , πˆBaT
− = T− , (2.2b)
in the untwisted sector and
πˆAaT = T , πˆAaT
− = T− , (2.3a)
πˆBaT = T , πˆBaT
− = −T− , (2.3b)
in the twisted sector. The corresponding operator product expansions are
T (z1)T (z2) =
c/2
z412
+
2 T (z2)
z212
+
T ′(z2)
z12
+ reg , (2.4a)
T−(z1)T
−(z2) =
c/2
z412
+
2 T (z2)
z212
+
T ′(z2)
z12
+ reg , (2.4b)
T (z1)T
−(z2) =
2
z212
T−(z2) +
T ′−(z2)
z12
+ reg . (2.4c)
To write the algebra (2.4)-(2.4) in the graded form we determine the mode expansion of
T and T−:
T (z)V(k)(0) =
∑
n∈Z
zn−2L−nV(k)(0) , (2.5a)
T−(z)V(k)(0) =
∑
n∈Z
zn−2−k/2L−−n+k/2V(k)(0) , (2.5b)
where k ranges over the values 0,1 and determines the parity sector.
In a Coulomb Gas Formalism, the operators T , T− are given by
T = −1
4
(∂zΦ)
2 + iα0∂
2
zΦ−
1
4
(∂zΦ
−)2 , (2.6a)
T− = −1
2
∂zΦ∂zΦ
− + iα0∂
2
zΦ
− , (2.6b)
where the fields Φ,Φ− are two free bosons. In analogy with the monodromies of the T, T−
fields, in the untwisted sector the bosons have trivial monodromies
πˆAa∂zΦ = ∂zΦ , πˆBa∂zΦ = ∂zΦ , (2.7a)
πˆAa∂zΦ
− = ∂zΦ
− , πˆBa∂zΦ
− = ∂zΦ
− , (2.7b)
while in the twisted sector one of them acquires a minus sign:
πˆAa∂zΦ = ∂zΦ , πˆBa∂zΦ = ∂zΦ , (2.8a)
πˆAa∂zΦ
− = ∂zΦ
− , πˆBa∂zΦ
− = −∂zΦ− . (2.8b)
In the k = 0 (untwisted) sector, the vertex operator with charges α, β is given by
Vαβ(z) = e
iαΦ+iβΦ− , (2.9)
3
with conformal weights ∆ = α2 − 2α0α + β2 and ∆− = 2αβ − 2α0β.
In the k = 1 (twisted) sector there is a twist field σǫ, ǫ = 0, 1 for which
i∂zΦ
−(z)σǫ(0) =
1
2
z−1/2σˆǫ(0) + . . . . (2.10)
Then, in this sector, the primary fields can be written as
V (t)γ ǫ = e
iγΦσǫ , (2.11)
and have weight ∆(t) = γ2 − 2α0γ + 1/16.
For the unitary minimal models on the HES the central charge takes the form
c = 2− 12
p(p+ 1)
, p = 3, 4, . . . . (2.12)
The corresponding values of α, β, γ charges are
αnmn′m′ =
2−n−n′
2
α+ +
2−m−m′
2
α− ,
βnmn′m′ =
n−n′
2
α+ +
m−m′
2
α− ,
γnm =
2−n
2
α+ +
2−m
2
α− ,
1 ≤ n, n′ ≤ p, 1 ≤ m,m′ ≤ p− 1 ,
(2.13)
where the constants α± are expressed in terms of the background charge α0:
α± = α0/2±
√
α20/4 + 1/2 . (2.14)
We denote the corresponding fields by V nmn′m′ , V
(t)
nm and their conformal weights by ∆
nm
n′m′ ,
∆(t)nm. Explicitly
∆nmn′m′ =
[(n + n′)(p+ 1)− (m+m′)p]2 + [(n− n′)(p+ 1)− (m−m′)p]2 − 4
8p(p+ 1)
, (2.15a)
∆(t)nm =
[(p+ 1)n−mp]2 − 4
8p(p+ 1)
+
1
16
. (2.15b)
3 Integrable Deformations of the CFT on the HESs
In [1], we investigated the integrability of models costructed as deformations of the unitary
minimal models Sp[Φ,Φ
−] on HES by primary fields in the twisted sector. In particular,
we found that among all series of models
Sλ[nm; p] = Sp[Φ,Φ
−] +
λ
2π
∫
d2z V (t)nm , (3.1)
4
only the series perturbed by V
(t)
11 is integrable:
Sλ[1 1; p] = Sp[Φ,Φ
−] +
λ
2π
∫
d2z eiγ11Φ(z,z) σǫ(z, z) . (3.2)
The models beloging in this series are all massive and there is no indication of non-trivial
fixed points.
Now, we examine deformations of the unitary minimal models on HESs by primary
fields in the untwisted sector, i.e. we seek integrable models of the form:
Sλ
[
n m
n′ m′
; p
]
= Sp[Φ,Φ
−] +
λ
2π
∫
d2z V nmn′m′(z, z) . (3.3)
The parameter λ is a coupling constant with conformal weights (1 − ∆nmn′m′, 1 − ∆nmn′m′)
with respect to T .
For a generic perturbation Sλ
[
n m
n′ m′
; p
]
cannot be integrable; however, one may be
able to choose the primary field V nmn′m′(z, z) such that it becomes integrable. To this end, we
search for relevant operators for which Zamolochikov’s counting argument [8] guarantees
the existence of conserved charges. It is not very hard to see that the following models
Sλ
[
1 1
n m
; p
]
= Sp[Φ,Φ
−] +
λ
2π
∫
d2z V 1,1nm(z, z) , (3.4a)
where
m = n− 1, n, n+ 1, n+ 2 . (3.5)
are almost all integrable. Some comments are in order here:
• ‘Almost all models’ means that, for some values of n,m, there is a minimum number
pmin(m,n) such that all models with p > pmin are integrable. When p ≤ pmin, the
perturbations are not relevant.
• As usual, integrability may be spoiled by resonance conditions. However, the phe-
nomenon of resonance conditions is not generic and we will simply interpret the
result as ‘integrability modulo resonance conditions’.
• Notice that the fields V nm11 , V 11nm have the same weights relative to T (and opposite
weight relative to T−). Zamolodchikov’s counting argument the arguments is only
sensitive to the weights relative to T .
In the following, we shall concentrate (for the shake of presentation) on the model
with n = 1, m = 3; a similar discussion for the rest models can be also given with few
changes. The beta function β(g) of the renormalized coupling constant g = g(λ) for the
first model is given by the equation
βg = ε g − C
2
g2 +O(g3) , ε = 1−∆1,11,3 =
2
p+ 1
, (3.6)
5
where C is the structure constant
〈V 1,11,3 (z1, z1)V 1,11,3 (z2, z2)V 1,11,3 (z3, z3)〉 =
C
|z12|2∆
1,1
1,3 |z23|2∆
1,1
1,3 |z31|2∆
1,1
1,3
. (3.7)
Depending on the sign of λ, we have either a massive or a massless theory. In particular,
for λ < 0 we do not expect any fixed points and therefore the model is massive; for λ > 0
there is a fixed point and therefore the model flows to a massless theory. We can make
this statement more exact by considering large values of p. Then one finds
βg = g ε− 2√
3
(
1− 3ε
2
)
g2 +O(g3) . (3.8)
When the coupling constant is negative, there is a non-trivial fixed point
g∗ =
√
3
2
ε
(
1 +
3ε
2
)
+O(ε3) , (3.9)
which corresponds to the Sp−1[Φ,Φ
−] unitary minimal model of CFT on HES; therefore,
in the infrared the theory becomes massless.
4 The Quantum Group Symmetry of the Models
The method of non-local conserved charges [9] has been proposed as an alternative to the
inverse quantum scattering method. The basic ingredient of the method is the construc-
tion of a maximum number of conserved currents
∂zJ = ∂zH , (4.1a)
∂zJ = ∂zH , (4.1b)
which obey non-trivial braiding relations. These laws lead to the conserved charges
Q =
∫
dz
2πi
J +
∫
dz
2πi
H , (4.2a)
Q =
∫
dz
2πi
J +
∫
dz
2πi
H , (4.2b)
or more compactly
Q =
∫
C
dzµ ǫµνJ
ν(z) , (4.3)
which act on the Hilbert space H = {Φk}
Q(Φk(w)) =
∫
C(w)
dzµ ǫµνJ
ν(z)Φk(w) .
with the following subtlety taken into account: the charge Q is not defined by integrating
the currents along an equal time slice, but along a path C(w) from−∞ to −∞ surrounding
the point w of the field and avoiding the cuts on the z plane.
6
.
.
.
.
...
.
.
..
.
.
.
..
.
.
.
...
.
.
.
..
.
.
.
..
.
.
.
..
.
.
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.............................
..........................................
.........................................
..........................................
..........................................
..........................................
......................
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
...........................................................................................................
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣♣
C(w)
w
t t
t
.
.
.
.
.
.....
.
.
.
.
.
.
....
.
.
.
.
.
.
....
.
.
.
.
.
...
.
t t........................................
t
Here, we shall not discuss the way the Hilbert space can be constructed. We point
out that such a method of construction has been given in [9, 10, 11] and we refer the
interested reader to these papers. The conserved charges constructed as above generate
a quantum group which, in turn, determines2 the S-matrix of the model.
For the action Sλ[
11
13], one has the following non-local currents:
J±(z) = e
±i 1
2α
−
(ϕ(z)+ϕ−(z))
, (4.4a)
H±(z, z¯) = λ
2α2−
2α2− − 1
e
±i( 1
2α
−
−α−)(ϕ(z)+ϕ−(z))∓iα− (ϕ¯(z¯)+ϕ¯−(z¯))
, (4.4b)
J±(z¯) = e
∓i 1
2α
−
(ϕ¯(z¯)+ϕ¯−(z¯))
, (4.4c)
H±(z, z¯) = λ
2α2−
2α2− − 1
e
∓i( 1
2α
−
−α−) (ϕ¯(z¯)+ϕ¯−(z¯))±iα− (ϕ(z)+ϕ−(z)) . (4.4d)
The conserved charges arising from the above currents satisfy the following commuta-
tion relations:
[Q+, Q+]q = [Q−, Q−]q = 0 , (4.5a)
[Q+, Q−]q−1 = a (1− q2T ) , (4.5b)
[Q−, Q+]q−1 = a (1− q−2T ) , (4.5c)
where
[A,B]q ≡ AB − q2BA , (4.6)
and
q = e−iπ/2α
2
− , a =
λ
2πi
(
1
2α2−
− 1) . (4.7)
Finally, the topological charge is defined by
T =
α−
2π
∫
dx ∂x(Φ + Φ
−) . (4.8)
The algebra defined by the charges Q±, Q±, T is a known infinite dimensional alge-
bra, namely the the quantum deformation of the sl (2) affine Kac-Moody algebra with
vanishing center; the symbol ̂sl q(2) is usually used to denote this algebra.
2Notice that all quantities related with the scattering of particles should be considered on the punc-
tured sphere; in this case the usual LSZ method [13], which requires well defined asymptotic states for
the calculation of the S-matrix, is meaningful.
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Requiring the S-matrix to commute with the non-local charges, we obtain very strin-
gent constraints
[S,∆(Q±)] = [S,∆(Q±)] = [S,∆(T )] = 0 , (4.9)
that determine the S-matrix up to a scalar factor [9]. In the above equations, ∆(Q)
denotes the action of the charge Q on an asymptotic pair of solitons.
Before closing the section, we point out that when n = 1, m > 1 the qunatum group
structure is similar to the one described above, while in the case m,n > 1 we have two
copies of ̂slq (2).
5 Discussion
In this letter we have constructed new integrable models in quantum field theory using
deformations of the CFT on HESs by relevant operators. In fact, the CFT on HESs is
equivalent to the WD2 algebra. Integrable perturbations of the WDn algebras by the
relevant operator of scaling dimension d = ∆+∆, where
∆ = 1− 2 (n− 1)
p (p+ 1)
,
have been studied by Lukyanov and Fateev [14]. Moreover, integrable perturbations of
the W algebras that generalize the Φ12-perturbed Virasoro models have been considered
by Vaysburd and Babichenko [15, 12]. In the above papers the assumption of a simple Lie
algebra has been used. However, the underlying algebra of WD2 is not simple. In this
sense, our discussion completes the discussion of the perturbed W algebras considered by
all of the above authors.
Note Added in Proof
Similar results as the ones reported in section 3 have been obtained independently by
I. Vaysburd [16].
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